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The Pessimistic Search and the Straightening Involution for Trees
WILLIAM Y. C. CHEN
We introduce the idea of pessimistic search on a rooted tree, and develop the straightening involution
to relate the inversion polynomial evaluated at q D −1 to the number of even rooted trees. We obtain
a differential equation for the inversion polynomial of cyclic trees evaluated at q D −1, a problem
proposed by Gessel, Sagan and Yeh. Some brief discussions about relevant topics are also presented.
c© 1998 Academic Press
1. INTRODUCTION
It has been noted that the inversion polynomial of rooted trees evaluated at q D −1 has
several combinatorial interpretations [1–6]. In this paper, we devise an involution on rooted
trees which leads to the evaluation of inversion polynomials at q D −1. This involution is
called the straightening involution and relies on the notion of pessimistic search on a rooted
tree, which appears to be more natural than the one given by Pansiot [6]. The pessimistic search
can be described as a depth-first search guided by the minimum element in all the subtrees of
the vertex that is being visited. The order on the vertices induced by the pessimistic search
plays a key role in the construction of the straightening involution, which gives a cancellation
rule to all the rooted trees in terms of the parity of the number of inversions, and what are left
after the cancellation turn out to be even trees (rooted trees in which every non-root vertex has
an even number of children). Moreover, the straightening involution has the property that it is
automatically valid for enriched trees (rooted trees in which the set of subtrees of any vertex
is endowed with a combinatorial structure).
We mostly follow the notation and terminology in the paper of Gessel, Sagan and Yeh [3].
However, as an exception, we shall stand by the commonly used method of drawing the root
of a tree at the top and use the term plane trees to refer to what Gessel, Sagan and Yeh called
ordered trees, namely rooted trees in which the set of subtrees of any vertex is linearly ordered.
However, we remain consistent with the notation in [3] that any rooted tree is on n vertices
which are labelled by the numbers 1; 2; : : : ; n with 1 as the root. Suppose i and j are two
vertices in a rooted tree T . We say that i is above j or j is underneath i if i is on the unique
path from j to the root 1 in T . An inversion in T is a pair of vertices .i; j/ such that i < j and
j is above i . The number of inversions of T is denoted by inv.T /. The inversion polynomial
for all rooted trees on n vertices is given by
Jn.q/ D
X
jT jDn
q inv.T /;
where jT j denotes the number of vertices of T .
The polynomial Jn.q/ was determined by Mallows and Riordan [7] in terms of a generating
function. It was later discovered that this polynomial is closely related to other combinatorial
enumeration problems, most notably the enumeration of connected graphs, acyclic digraphs,
and Eulerian numbers [8–12]. It is worth mentioning that the Entringer numbers [8, 10, 13, 14]
can also be formulated in terms of even trees.
Recently, Gessel, Sagan and Yeh [3] took a new approach to the inversion polynomial by
considering the analogous polynomial for plane trees, where the inversion number of a plane
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tree is the same as that of a rooted tree, while disregarding the linear order on the set of
subtrees of each vertex. Let Qn.q/ denote the inversion polynomial for the set of plane trees
on n vertices (with 1 as the root, to be precise). The values of Qn.q/ are determined for
q D 0; 1;−1. Note that Qn.0/ is the number of increasing plane trees on n vertices, and
Qn.1/ is the number of plane trees on n vertices. Moreover, Gessel, Sagan and Yeh also
obtained the following formula for Qn.−1/:
Qn.−1/ D

.3m − 1/WWW.3m − 2/WWW; if n D 2m C 1 ;
.3m − 2/WWW.3m − 4/WWW; if n D 2m . (1.1)
The triple product is defined as
nWWW D n.n − 3/.n − 6/    ;
where the product terminates with the smallest possible positive integer (either 1, 2, or 3). The
simplicity of the above formula suggests that there exists a combinatorial interpretation, and a
bijective approach to this problem has been given in [15] based on the straightening involution
and a decomposition algorithm for increasing even plane trees.
The inversion polynomial Cn.q/ for the class of cyclic trees is also studied in [3] and the
problem of computing Cn.−1/ was left open. We will establish a differential equation for the
generating function h.x/ of the sequence C2nC1.−1/. Consequently, the generating function
f .x/ of the sequence Cn.−1/ is determined by h.x/. The solution of the differential equation
for the generating function h.x/ turns out to be analogous to the exponential integral given in
[3].
The idea of pessimistic search also applies to the evaluation at x D −1 of the inversion
polynomial of binary trees on TnU D f1; 2; : : : ; ng in terms of even binary trees as studied by
Kuznetsov, Pak and Postnikov [10].
It is worth mentioning that in recent work on a sequence of Ramanujan polynomials, Zheng
[16] also considered the function of picking up the minimum element in a subtree, indicating
a potential connection with the pessimistic search. The evaluation of the aforementioned
Ramanujan polynomials at x D −1 was also studied by Dumont and Ramamonjisoa [17].
2. THE PESSIMISTIC SEARCH AND THE STRAIGHTENING INVOLUTION
There have been many search schemes for rooted trees, however, for the purpose of this
paper we will introduce a new search scheme which is quite different from the traditional ones.
Usually, a search scheme for rooted trees is described recursively by a strategy to impose
priorities among the children of the root (the vertices immediately underneath the root). For
the pessimistic search, the set of children of a vertex is not enough to decide the priorities,
instead, the information about the minimum elements in all the subtrees is needed, and this
is the reason we introduce the term ‘pessimistic search’. Strictly speaking, the pessimistic
search on a tree T may be recursively defined as follows. Suppose r is the root of T , and
fT1; T2; : : : ; Tkg is the set of subtrees of the root r linearly ordered by the overall minimum
elements contained in the subtrees, rather than the roots of the subtrees. In the pessimistic
search one visits the root r first, then recursively searches T1; T2; : : : ; Tk . The pessimistic
order of T is the sequence of vertices of T , which reflects the pessimistic search.
We are now ready to describe the straightening involution for rooted trees, which is also
valid when a structure is endowed with the set of subtrees of each vertex. A rooted tree T is
called increasing if it has no inversion, i.e., any path from the root to a leaf is an increasing
sequence. The degree of a vertex i in T is defined as the number of its children. T is said to
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be even if every non-root vertex has even degree. The statement for our involution is therefore
as follows.
THEOREM 2.1. The inversion polynomial Jn.q/ evaluated at q D −1, is equal to the
number of increasing even rooted trees on n vertices.
To describe the straightening involution, we need to define some terminology and notation.
For a vertex i in T , we use Ti to denote the subtree of T rooted at i containing all the vertices
underneath i . A vertex i in T is said to be stable if i is the minimum vertex in Ti , and a vertex i
is said to be even if it has even degree, and globally even if there are an even number of vertices
underneath i , or equivalently, jTi j is odd. T is said to be globally even if every non-root vertex
is globally even.
PROPOSITION 2.2. A rooted tree T is globally even if and only if it is even.
PROOF. First, if T is even, then it is globally even. Now we suppose that there is a non-root
vertex i in T such that the degree of i is odd. If there is a child j of i such that jTj j is even,
then by definition j is not globally even; otherwise for any child j of i we have jTj j is odd,
implying that jTi j is even because the degree of i is odd. Hence T is not globally even. 2
Despite the above equivalence of evenness and global evenness, the latter plays a subtle role
in the following involution. A non-root vertex is said to be proper if it is stable and globally
even. A rooted tree T is said to be degenerate if every non-root vertex is proper. By the
above proposition, T is degenerate if and only if it is even and increasing. The straightening
involution is then a sign-reversing involution for the set of non-degenerate rooted trees on n
vertices, the sign of T is defined to be .−1/inv.T /, as expected. It consists of the following two
steps:
(1) The first step of the straightening involution is where the pessimistic search comes into
play. Let i be the first vertex in the pessimistic order that is not proper.
(2) The second step is to exchange the vertex i with a vertex j in the subtree Ti , where j is
determined as follows. If jTi j D 2k then relabel Ti with 10; 20; : : : ; .2k/0; if jTi j D 2kC1,
then relabel Ti with 00; 10; 20; : : : ; .2k/0. We make the following pairing of the vertices
in Ti :
10  ! 20; 30  ! 40; : : : ; .2k − 1/0  ! .2k/0:
The vertex .2i −1/0 is called the the companion of the vertex .2i/0, and vice versa. Now
the vertex j is chosen as the companion of the vertex i , and they are exchanged (or more
strictly, their labels are exchanged). The resulting tree is denoted by T 0.
The following theorem asserts that the above procedure in fact yields a sign-reversing invo-
lution for the set of non-degenerate rooted trees.
THEOREM 2.3. The above map T −! T 0 is a sign-reversing involution on the set of non-
degenerate rooted trees on n vertices.
PROOF. Suppose i is the first vertex in the pessimistic order of T that is not proper. We
claim that the root i in the subtree Ti cannot be relabeled as 00, which is a crucial point for the
involution. This is easy to see because i is not proper. Suppose j is the companion of i and T 0
is obtained from T by exchanging the labels i and j . Then inv.T / and inv.T 0/ differ by one,
because i and j are adjacent in the linear order of the vertices in Ti . Note that j is not proper
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FIGURE 1. Straightening involution.
in T 0, and it is also the first vertex in the pessimistic order of T 0 that is not proper because
the minimum element of Ti remains the same after the exchange of i and j . Moreover, the
relabeling of Tj in T 0 (or T 0j for short) is the same as the relabeling for Ti in T . Thus, i and j
remain companions to each other in T 0j , implying that T −! T 0 is an involution. 2
Let us give an illustration of the pessimistic search and the straightening involution in
Figure 1. The pessimistic search of the first tree in Figure 1 yields the following order of
vertices:
1I 15; 2; 5; 13; 9; 6; 19I 7; 3; 8; 10; 18; 14I 11; 4I 16; 12; 17:
In the pairing process for T15, vertex 2 is treated 00, and the pairing in original labels is as
follows
5 ! 6; 9 ! 13; 15 ! 19:
3. CYCLIC TREES
Note that the pessimistic search and straightening involution are also valid for rooted trees
in which the set of subtrees of any vertex is endowed with a combinatorial structure, e.g.,
plane trees, cyclic trees. As an application of Theorem 2.1, we derive a differential equation
determining the generating function of Cn.−1/, where Cn.q/ is the inversion polynomial of
cyclic trees. By Theorem 2.3, Cn.−1/ is equal to the number of even increasing cyclic trees.
For short, we use Cn to denote Cn.−1/. We now use the standard technique of exponential
generating functions and the combinatorial interpretation of functional composition. Let f .x/
be the generating function of Cn .n  0/, where C0 is defined to be 1, i.e.,
f .x/ D
X
n0
Cn
xn
nW :
Moreover, we define the following refinements of f .x/ according to parity:
g.x/ D
X
n0
C2n
x2n
.2n/W ;
h.x/ D
X
n0
C2nC1
x2nC1
.2n C 1/W :
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As the number of cyclic permutations on k elements is equal to .k − 1/W, it is easy to obtain
the following recursion for Cn :
CnC1 D
X
fB1;:::;Bk g
CjB1jCjB2j   CjBk j.k − 1/W; (3.1)
where fB1; : : : ; Bkg ranges over partitions of f1; 2; : : : ; ng with each block Bi containing an
odd number of elements, and jBi j denotes the cardinality of Bi . Using the combinatorial
interpretation of functional composition of exponential generating functions, it follows from
(3.1) that
f 0.x/ D 1C log 1
1− h.x/ : (3.2)
From the above equation one sees that f .x/ is determined by h.x/. To derive a differential
equation for h.x/, one needs the following recursion for C2nC1:
C2nC1 D
X
fB1;:::;Bk g
CjB1jCjB2j   CjBk j.k − 1/W; (3.3)
where fB1; : : : ; Bkg ranges over partitions of f1; 2; : : : ; 2ng with each block Bi containing an
odd number of elements. It is important to note that the number of blocks in the partition
involved in (3.3) is even. As the exponential generating function for the sequence .2k − 1/W is
equal to
1
2

log
1
1− x C log
1
1C x

D 1
2
log
1
1− x2 :
It follows that
h0.x/ D 1C 1
2
log
1
1− h.x/2 : (3.4)
There do not seem to be simple formulas for Cn or the generating functions f .x/, g.x/ and
h.x/. However, we may obtain an integral formula for h.x/. Clearly, h.x/ is equal to the
functional inverse of the following integral:Z dx
1C 12 log. 11−x2 /
: (3.5)
Using the substitution
t D 1
2
log

1
1− x2

;
(3.5) can be expressed as Z
e2t
.t C 1/p1− e2t dt; (3.6)
which is similar to the exponential integral in [3].
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